Abstract. The aim of this note is to study the behavior of intersection homology Euler characteristic under morphisms of algebraic varieties. The main result is a direct application of the BBDG decomposition theorem. Similar formulae for Hodge-theoretic invariants of algebraic varieties were announced by the first and third authors in [4, 11] .
Introduction
We study the behavior of Euler characteristics under morphisms of complex algebraic varieties. We begin by discussing simple formulae for the usual Euler-Poincaré characteristic, then show that such formulae hold for the intersection homology Euler characteristic.
The study of topological Euler characteristics relies on the additivity and multiplicativity for fibrations, combined with the fact that, in the category of complex algebraic varieties, the usual Euler characteristic coincides with the Euler characteristic defined by using compactly supported cohomology (the latter enjoys additivity properties). In contrast, the intersection homology Euler characteristic is studied with the aid of a deep theorem of Bernstein, Beilinson, Deligne and Gabber, namely the BBDG decomposition theorem for the pushforward of an intersection cohomology complex under a proper algebraic morphism [2] . Recently, a Hodge-theoretical proof of the BBDG theorem was given in [6] .
This note is a first step in an ongoing project that deals with the study of genera of complex algebraic varieties. In a forthcoming paper [5] we will discuss the behavior of Hodge-theoretical genera under proper morphisms, and provide explicit formulae for the pushforward of various characteristic classes. The present work does not use the full strength of the BBDG decomposition theorem, as we are only dealing with intersection homology Betti numbers. However, the same argument extends, with minor additions, to the study of all intersection homology genera.
Unless otherwise specified, all homology and intersection homology groups in this paper are those with rational coefficients. We assume the reader's familiarity with the language of sheaves and derived categories, as well as that of intersection homology and perverse sheaves. 
Topological Euler-Poincaré characteristic
For a complex algebraic variety X, let χ(X) denote its topological Euler characteristic. Then χ(X) equals the compactly supported Euler characteristic, χ c (X) (see [8] , page 141).
1 The additivity property for the Euler characteristic reads as follows: for Z a Zariski closed subset of X, the long exact sequence of the compactly supported cohomology
, therefore the same relation holds for χ. The multiplicativity property for fibrations asserts that if F → E → B is a locally trivial fibration such that the three Euler characteristics χ(B), χ(F ) and χ(E) are defined, then χ(E) = χ(B) · χ(F ) (for a proof see [7] , Corollary 2.5.5). In particular, if f : X → Y is a smooth family of non-singular complex varieties, with generic fiber F , then:
Indeed, by Ehresmann's theorem, such a map is a locally trivial fibration in the complex topology.
In this note we generalize this multiplicative property of proper smooth surjective maps in two different directions: first, we study the behavior of the usual Euler characteristic under arbitrary proper maps of possibly singular varieties; second, we replace the usual cohomology by intersection cohomology when dealing with singular varieties, and study the behavior of the intersection homology Euler characteristic under arbitrary proper morphisms.
Let f : X n → Y m be a proper map of complex algebraic varieties of indicated dimensions. Such a map can be stratified with subvarieties as strata, i.e., there exist finite algebraic Whitney stratifications X of X and V of Y , such that for any component V of a stratum of Y , f −1 (V ) is a union of connected components of strata of X , each of which is mapping submersively to V . This implies that f |f −1 (V ) : f −1 (V ) → V is a locally trivial map of Whitney stratified spaces. For simplicity, we will assume that f is smooth over the dense open stratum (e.g., the latter is connected). We denote by F the general fiber of f , and by F V the fiber of f above the singular stratum V ∈ V.
We can now easily prove the following model result: 
where the sum is over all W ∈ V with W ⊂V \ V . Then:
Proof. Note thatχ(V ) = χ(V ). Next, by the additivity of Euler characteristic and its multiplicativity for locally trivial fibrations, it is easy to see that:
Intersection homology Euler characteristics
Let X be a n-dimensional complex algebraic variety which is not necessarily compact (i.e., a reduced separated scheme of finite type over the complex numbers). Let IC top X be the sheaf complex defined by (IC
is the complex of locally-finite chains with respect to the middle-perversity [9] . Let
, so the middle-perversity intersection cohomology group IH k (X; Q) is the hypercohomology group H k−n (X; IC X ). In general, for a l-dimensional stratified pseudomanifold L with only even codimension strata (e.g., L can be the link of a stratum), the intersection cohomology groups are defined by
. Since complex algebraic varieties are compactifiable, their rational intersection cohomology groups (with either compact or closed support) are finite dimensional (cf. [3] , V.10.13), therefore the intersection homology Euler characteristics of complex algebraic varieties are well-defined. We let Iχ(X), resp. Iχ c (X), denote the intersection homology Euler characteristic of X with closed, resp. compact support.
For simplicity, we first consider proper algebraic morphisms with a non-singular domain. We will also work under the trivial monodromy assumption 2 , e.g. assume that
The first main result of this note is the following:
proper surjective map of algebraic varieties, and assume X is non-singular. Let V be the set of components of strata of Y in a stratification of f , and assume π 1 (V ) = 0 for all V ∈ V. For each V ∈ V, define inductively 
where F is the generic fiber, F V is the fiber of f above the stratum V and
The proof is a direct consequence of the BBDG decomposition theorem, which we recall below:
where p H is the perverse cohomology functor.
Remark 3.3. Set U l = ⊔ s≥l S s . By the condition of (co)support for perverse sheaves on Y , it follows that
where (τ ≤ , τ ≥ ) is the natural t-structure on D b c (Y ) (cf. [6] , Remark 3.6.1). Hence, the support condition implies that the sheaf
is supported on S l and is, by constructibility, a local system on S l .
Proof. (of Thm 3.1)
Let Y = ⊔ m l=o S l (with dim C S l = l) be a Whitney stratification of Y corresponding to a stratification of f . Then by the Decomposition and Semi-simplicity Theorem 3.2, together with the trivial monodromy assumption, we have the following sequence of isomorphisms:
. This sequence of isomorphisms allows us to relate the Euler characteristic (and Betti numbers of X) to the intersection homology Euler characteristic of closures of strata in the target of f and Euler characteristics of fibers above each stratum. It remains to identify the stalks of local systems appearing in the above isomorphism.
By the trivial monodromy assumption, the local system
is a constant sheaf on every connected component of S l . The stalk of L i,l at a point y l in a connected component of S l can be found by applying the stalk cohomology at y l in the isomorphism of the BBDG decomposition theorem.
We first identify the stalks of the local system L i,m , over the smooth stratum of Y . Set U l = ⊔ s≥l S s , and let f l : U ′ l := f −1 (U l ) → U l be the corresponding maps. We assumed f is smooth over S m = U m (e.g., S m is connected). Since restriction to an open subset is a t-exact functor, we have natural restriction isomorphisms
In this setup, the decomposition theorem yields the existence of an isomorphism
where
is supported, as a complex on U m , precisely on the connected component over which f is smooth, that is S m under our assumption. Thus
, as a perverse sheaf on a smooth variety with trivial stratification, is a local system on S m and
So the stalk of the local system
at a point y in S m is the cohomology group H n−m+i (F ; Q) of the generic fiber F = f −1 (y) of f . Next, for a point y l in a connected component W of the l-dimensional stratum S l , we identify the stalk (L i,l ) y l as follows: first replace f by f l , i.e. by assuming that S l is a closed stratum of f , then calculate the stalk at y l for both terms in the isomorphism of the decomposition theorem.
For
We obtain:
By the support condition for perverse sheaves on one hand, and the semi-simplicity theorem and characterization of intersection cohomology complexes on the other hand, we note that the summands above are trivial for i < j + l; for i = j + l the only contribution from the above sum comes in the form of (L i,l ) y l ; the other contributions, i.e. for i > j + l, come from the stalks of the cohomology sheaves H j−i (ICS s (L i,s )) y l for s > l: for i > j + l the stalk formula for intersection cohomology complex yields (cf. [3] , V.3.15):
where L W,V is the link of y l ∈ W inV ⊂S s , y V s is a point in V , and we use the trivial monodromy assumption in the last isomorphism. Therefore, with the above notations we have that:
where the last isomorphism follows from the formula for the locally closed intersection cohomology of the open cone over a link (cf. [3] , II.3.1). By reindexing, the latter formula becomes:
It is now clear that for y l ∈ S l , an inductive procedure will identify the stalk (L i,l ) y l in terms of intersection cohomology groups of links of y l in components of strataS s for s > l, and cohomology groups of fibers f −1 (y s ) for y s ∈ S s . All considerations above yield a proof of Theorem 3.1.
We end this section with a discussion on the general case when the domain of f is a possibly singular algebraic variety X. This yields the second main result of this note (compare [4, 11] 
Proof. The case of a singular domain variety X can be treated in a similar manner as the non-singular case, by simply replacing Q X [n] by the intersection cohomology complex IC X , thus replacing the cohomology groups H k (X; Q) of a smooth variety X by intersection cohomology groups IH k (X; Q) := H k−n (X; IC X ) in the singular case. It remains to identify of stalks of local systems L i,l appearing in the statement of the semi-simplicity part of the BBDG theorem. Recall that the operation of taking perverse cohomology commutes with restriction to open subsets, and the same is true for the operation of forming intersection cohomology complexes associated with local systems. Now by an inductive procedure, by restricting the isomorphism in the decomposition theorem to larger and larger U l , l ≤ m, finding the stalks of local systems L i,l at points y l ∈ S l amounts, just as in the proof of theorem 3.1, to identifying the stalks of cohomology sheaves of Rf * IC X . For this, we first note that for y ∈ S m we have:
for F the general fiber of f . Indeed, the general fiber F of f is normally nonsingular embedded in X, thus for any y ∈ S m we have a quasi-isomorphism ( [10] , §5.4.1):
hence an isomorphism:
Next note that for y l ∈ V with V ∈ π 0 (S l ), we have that:
In order to prove (3.6), we consider Y l a codimension l general complete intersection on 
where in (1) we used the fact that the inverse image of a normal slice to a stratum of Y in a stratification of f is normally non-singular embedded in X (this fact is a consequence of first isotopy lemma). The rest follows as in Theorem 3.1.
Example 3.5. Let X be obtained from Y by blowing-up a point y. Let D = f −1 (y) be the exceptional divisor, for f : X → Y the blow-up map. Then (3.5) becomes
for L y the link of y in Y . Moreover, if X happens to be smooth, the formula yields:
These are additivity-type properties for the intersection homology Euler characteristic, similar to those for the usual topological Euler characteristic.
